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ABSTRACT
We present a theoretical calibration of the RR Lyrae period-luminosity (PL) relation in the
UBV RIJHK Johnsons-Cousins-Glass system. Our theoretical work is based on calculations of syn-
thetic horizontal branches (HBs) for several different metallicities, fully taking into account evolu-
tionary effects besides the effect of chemical composition. Extensive tabulations of our results are
provided, including convenient analytical formulae for the calculation of the coefficients of the period-
luminosity relation in the different passbands as a function of HB type. We also provide “average”
PL relations in IJHK, for applications in cases where the HB type is not known a priori; as well as
a new calibration of the MV − [M/H] relation. These can be summarized as follows:
MI = 0.471− 1.132 logP + 0.205 logZ,
MJ = −0.141− 1.773 logP + 0.190 logZ,
MH = −0.551− 2.313 logP + 0.178 logZ,
MK = −0.597− 2.353 logP + 0.175 logZ,
and
MV = 2.288 + 0.882 logZ + 0.108 (logZ)
2.
Subject headings: stars: horizontal-branch – stars: variables: other
1. INTRODUCTION
RR Lyrae (RRL) stars are the cornerstone of the Pop-
ulation II distance scale. Yet, unlike Cepheids, which
have for almost a century been known to present a tight
period-luminosity (PL) relation (Leavitt 1912), RRL
have not been known for presenting a particularly note-
worthy PL relation. Instead, most researchers have uti-
lized an average relation between absolute visual mag-
nitude and metallicity [Fe/H] when deriving RRL-based
distances. This relation possesses several potential pit-
falls, including a strong dependence on evolutionary ef-
fects (e.g., Demarque et al. 2000), a possible non-
linearity as a function of [Fe/H] (e.g., Castellani, Chieffi,
& Pulone 1991), and “pathological outliers” (e.g., Pritzl
et al. 2002).
To be sure, RRL have also been noted to follow a PL
relation, but only in the K band (Longmore, Fernley, &
Jameson 1986). This is in sharp contrast with the case
of the Cepheids, which follow tight PL relations both
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in the visual and in the near-infrared (see, e.g., Tanvir
1999). The reason why Cepheids present a tight PL re-
lation irrespective of bandpass is that these stars cover
a large range in luminosities but only a modest range
in temperatures. Conversely, RRL stars are restricted
to the horizontal branch (HB) phase of low-mass stars,
and thus necessarily cover a much more modest range in
luminosities—so much so that, in their case, the range
in temperature of the instability strip is as important as,
if not more important than, the range in luminosities of
RRL stars, in determining their range in periods. There-
fore, RRL stars may indeed present PL relations, but
only if the bolometric corrections are such as to lead to a
large range in absolute magnitudes when going from the
blue to the red sides of the instability strip—as is indeed
the case in K.
The purpose of the present paper, then, is to perform
the first systematic analysis of whether a useful RRL
PL relation may also be present in other bandpasses
besides K. In particular, we expect that, using band-
passes in which the HB is not quite “horizontal” at the
RRL level, a PL relation should indeed be present. Since
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Fig. 1.— Upper panels: Morphology of the HB in different bandpasses (left: B; middle: V ; right: I). RRL variables are shown in
gray, and non-variable stars in black. Lower panels: Corresponding RRL distributions in the absolute magnitude—log-period plane. The
correlation coefficient r is shown in the lower panels. All plots refer to an HB simulation with Z = 0.002 and an intermediate HB type, as
indicated in the upper panels.
the HB around the RRL region becomes distinctly non-
horizontal both towards the near-ultraviolet (e.g., Fig. 4
in Ferraro et al. 1998) and towards the near-infrared
(e.g., Davidge & Courteau 1999), we present a full anal-
ysis of the slope and zero point of the RRL PL relation
in the Johnsons-Cousins-Glass system, from U to K, in-
cluding also BV RIJH .
2. MODELS
The HB simulations employed in the present paper are
similar to those described in Catelan (2004a), to which
the reader is referred for further details and references
about the HB synthesis method. The evolutionary tracks
employed here are those computed by Catelan et al.
(1998) for Z = 0.001 and Z = 0.0005, and by Sweigart
& Catelan (1998) for Z = 0.002 and Z = 0.006, and as-
sume a main-sequence helium abundance of 23% by mass
and scaled-solar compositions. The mass distribution is
represented by a normal deviate with a mass dispersion
σM = 0.020M⊙. For the purposes of the present pa-
per, we have added to this code bolometric corrections
from Girardi et al. (2002) for URJHK over the rele-
vant ranges of temperature and gravity. The width of
the instability strip is taken as ∆ logTeff = 0.075, which
provides the temperature of the red edge of the instabil-
ity strip for each star once its blue edge has been com-
puted on the basis of RRL pulsation theory results. More
specifically, the instability strip blue edge adopted in this
paper is based on equation (1) of Caputo et al. (1987),
which provides a fit to Stellingwerf’s (1984) results—
except that a shift by −200 K to the temperature val-
ues thus derived was applied in order to improve agree-
ment with more recent theoretical prescriptions (see §6
in Catelan 2004a for a detailed discussion). We include
both fundamental-mode (RRab) and “fundamentalized”
first-overtone (RRc) variables in our final PL relations.
The computed periods are based on equation (4) in Ca-
puto, Marconi, & Santolamazza (1998), which represents
an updated version of the van Albada & Baker (1971)
period-mean density relation.
In order to study the dependence of the zero point and
slope of the RRL PL relation with both HB type and
metallicity, we have computed, for each metallicity, se-
quences of HB simulations which produce from very blue
to very red HB types. These simulations are standard,
and do not include such effects as HB bimodality or the
impact of second parameters other than mass loss on the
red giant branch (RGB) or age. For each such simula-
tion, linear relations of the type MX = a + b logP , in
whichX represents any of the UBV RIJHK bandpasses,
were obtained using the Isobe et al. (1990) “OLS bisec-
tor” technique. It is crucial that, if these relations are to
be compared against empirical data to derive distances,
precisely the same recipe be employed in the analysis of
these data as well, particularly in cases in which the cor-
relation coefficient is not very close to 1. The final result
for each HB morphology actually represents the average
a, b values over 100 HB simulations with 500 stars each.
3. GENESIS OF THE RRL PL RELATION
In Figure 1, we show an HB simulation computed
for a metallicity Z = 0.002 and an intermediate HB
morphology, indicated by a value of the Lee-Zinn type
L ≡ (B − R)/(B + V + R) = −0.05 (where B, V ,
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Fig. 2.— PL relations in several different passbands. Upper panels: U (left), B, V , R (right). Lower panels: I (left), J , H, K (right).
The correlation coefficient is shown in all panels. All plots refer to an HB simulation with Z = 0.001 and an intermediate HB type.
and R are the numbers of blue, variable, and red HB
stars, respectively). Even using only the more usual BV I
bandpasses of the Johnson-Cousins system, the change
in the detailed morphology of the HB with the passband
adopted is obvious. In the middle upper panel, one can
see the traditional display of a “horizontal” HB, as ob-
tained in the MV , B−V plane. As a consequence, one
can see, in the middle lower panel, that no PL relation re-
sults using this bandpass. On the other hand, the upper
left panel shows the same simulation in the MB, B−V
plane. One clearly sees now that the HB is not anymore
“horizontal.” This has a clear impact upon the resulting
PL relation (lower left panel): now one does see an indi-
cation of a correlation between period and MB, though
with a large scatter. The reason for this scatter is that
the effects of luminosity and temperature variations upon
the expected periods are almost orthogonal in this plane.
Now one can also see, in the upper right panel, that the
HB is also not quite horizontal in the MI , B−V plane—
only that now, in comparison with the MB, B−V plane,
the stars that look brighter are also the ones that are
cooler. Since a decrease in temperature, as well as an
increase in brightness, both lead to longer periods, one
expects the effects of brightness and temperature upon
the periods to be more nearly parallel when using I. This
is indeed what happens, as can be seen in the bottom
right panel. We now find a quite reasonable PL relation,
with much less scatter than was the case in B.
The same concepts explain the behavior of the RRL PL
relation in the other passbands of the Johnson-Cousins-
Glass system, which becomes tighter both towards the
near-ultraviolet and towards the near-infrared, as com-
pared to the visual. In Figure 2, we show the PL relations
in all of the UBV R (upper panels) and IJHK (lower
panels) bandpasses, for a synthetic HB with a morphol-
ogy similar to that shown in Figure 1, but computed for
a metallicity Z = 0.001 (the results are qualitatively sim-
ilar for all metallicities). As one can see, as one moves
redward from V , where the HB is effectively horizontal
at the RRL level, an increasingly tighter PL relation de-
velops. Conversely, as one moves from V towards the
ultraviolet, the expectation is also for the PL relation to
become increasingly tighter—which is confirmed by the
plot for B. In the case of broadband U , as can be seen,
the expected tendency is not fully confirmed, an effect
which we attribute to the complicating impact of the
Balmer jump upon the predicted bolometric corrections
in the region of interest.1 An investigation of the RRL PL
relation in Stro¨mgren u (e.g., Clem et al. 2004), which
is much less affected by the Balmer discontinuity (and
might accordingly produce a tighter PL relation than
in broadband U), as well as of the UV domain, should
thus prove of interest, but has not been attempted in the
present work.
4. THE RRL PL RELATION CALIBRATED
In Figure 3, we show the slope (left panels) and zero
point (right panels) of the theoretically-calibrated RRL
PL relation, in UBV R (from top to bottom) and for four
different metallicities (as indicated by different symbols
and shades of gray; see the lower right panel). Each dat-
apoint corresponds to the average over 100 simulations
with 500 stars in each. The “error bars” correspond to
the standard deviation of the mean over these 100 sim-
ulations. Figure 4 is analogous to Figure 3, but shows
instead our results for the IJHK passbands (from top
1 The Balmer jump occurs at around λ ≈ 3700 A˚, marking the
asymptotic end of the Balmer line series—and thus a discontinuity
in the radiative opacity. The broadband U filter extends well red-
ward of 4000 A˚, and is thus strongly affected by the detailed physics
controlling the size of the Balmer jump. In the case of Stro¨mgren
u, on the other hand, the transmission efficiency is practically zero
already at λ = 3800 A˚, thus showing that it is not severely affected
by the size of the Balmer jump.
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Fig. 3.— Theoretically calibrated PL relations in the UBV R passbands (from top to bottom), for the four indicated metallicities. The
zero points (left panels) and slopes (right panels) are given as a function of the Lee-Zinn HB morphology indicator.
to bottom). It should be noted that, for all bandpasses,
the coefficients of the PL relations are much more sub-
ject to statistical fluctuations at the extremes in HB type
(both very red and very blue), due to the smaller num-
bers of RRL variables for these HB types. In terms of
Figures 3 and 4, this is indicated by an increase in the
size of the “error bars” at both the blue and red ends of
the relations.
The slopes and zero points for the UBV RIJHK cal-
ibrations are given in Tables 1 through 8, respectively.
Appropriate values for any given HB morphology may
be obtained from these tables by direct interpolation, or
by using suitable interpolation formulae (Catelan 2004b),
which we now proceed to describe in more detail.
4.1. Analytical Fits
As the plots in Figures 3 and 4 show, all bands
show some dependence on both metallicity and HB type,
though some of the effects clearly become less pro-
nounced as one goes towards the near-infrared. Analysis
of the data for each metallicity shows that, except for
the U and B cases, the coefficients of all PL relations (at
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Fig. 4.— As in Figure 3, but for IJHK (from top to bottom).
a fixed metallicity) can be well described by third-order
polynomials, as follows:
MX = a+ b logP, (1)
with
a =
3∑
i=0
ai (L )
i
, b =
3∑
i=0
bi (L )
i
. (2)
For all of the V RIJHK passbands, the ai, bi coefficients
are provided in Table 9.
5. REMARKS ON THE RRL PL RELATIONS
Figures 3 and 4 reveal a complex pattern for the varia-
tion of the coefficients of the PL relation as a function of
HB morphology. While, as anticipated, the dependence
on HB type (particularly the slope) is quite small for
the redder passbands (note the much smaller axis scale
range for the corresponding H and K plots than for the
remaining ones), the same cannot be said with respect
to the bluer passbands, particularly U and B, for which
one does see marked variations as one moves from very
red to very blue HB types. This is obviously due to the
much more important effects of evolution away from the
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Fig. 5.— Variation in the MU − logP relation as a function of HB type, for a metallicity Z = 0.001. The HB morphology, indicated by the L value, becomes bluer from upper left to
lower right. For each HB type, only the first in the series of 100 simulations used to compute the average coefficients shown in Figures 3 and 4 and Table 1 was chosen to produce this
figure.
T
h
e
R
R
L
P
L
rela
tio
n
in
U
B
V
R
I
J
H
K
7
Fig. 6.— As in Figure 5, but for the MB − logP relation.
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Fig. 7.— As in Figure 5, but for the MV − logP relation.
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Fig. 8.— As in Figure 5, but for the MR − logP relation.
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Fig. 9.— As in Figure 5, but for the MI − logP relation.
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Fig. 10.— As in Figure 5, but for the MJ − logP relation.
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Fig. 11.— As in Figure 5, but for the MH − logP relation.
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Fig. 12.— As in Figure 5, but for the MK − logP relation.
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TABLE 1
RRL PL Relation in U : Coefficients of the
Fits
L σ(L ) a σ(a) b σ(b)
Z = 0.0005
0.934 0.013 0.497 0.042 −0.863 0.129
0.877 0.018 0.519 0.034 −0.849 0.110
0.776 0.022 0.547 0.024 −0.827 0.079
0.627 0.027 0.552 0.055 −0.860 0.192
0.414 0.028 0.799 0.267 −0.037 0.949
0.167 0.029 1.045 0.014 0.825 0.058
−0.102 0.031 1.013 0.010 0.706 0.048
−0.358 0.031 0.993 0.010 0.630 0.046
−0.590 0.025 0.983 0.009 0.595 0.041
−0.765 0.021 0.980 0.010 0.586 0.050
−0.883 0.014 0.977 0.013 0.587 0.068
−0.950 0.010 0.979 0.038 0.605 0.200
Z = 0.0010
0.940 0.011 0.537 0.070 −1.027 0.191
0.873 0.018 0.580 0.070 −0.952 0.217
0.744 0.025 0.609 0.083 −0.923 0.275
0.556 0.034 0.844 0.277 −0.151 0.962
0.282 0.033 1.134 0.109 0.833 0.376
−0.037 0.035 1.136 0.012 0.818 0.055
−0.342 0.036 1.117 0.011 0.741 0.047
−0.603 0.025 1.107 0.012 0.698 0.055
−0.789 0.022 1.098 0.017 0.659 0.081
−0.906 0.015 1.094 0.017 0.646 0.078
−0.963 0.008 1.104 0.034 0.701 0.169
Z = 0.0020
0.965 0.009 0.675 0.224 −0.890 0.696
0.910 0.015 0.708 0.207 −0.826 0.643
0.794 0.025 0.853 0.286 −0.405 0.920
0.594 0.029 1.155 0.250 0.541 0.816
0.307 0.036 1.255 0.117 0.847 0.383
−0.023 0.034 1.268 0.015 0.865 0.066
−0.356 0.035 1.258 0.017 0.820 0.069
−0.630 0.032 1.248 0.017 0.771 0.069
−0.822 0.021 1.247 0.021 0.768 0.089
−0.928 0.012 1.242 0.030 0.739 0.127
−0.974 0.008 1.236 0.077 0.709 0.326
Z = 0.0060
0.922 0.015 1.032 0.369 −0.439 0.985
0.810 0.021 1.243 0.383 0.128 1.034
0.601 0.034 1.445 0.285 0.648 0.792
0.298 0.039 1.535 0.186 0.871 0.520
−0.070 0.039 1.574 0.077 0.959 0.210
−0.420 0.036 1.582 0.024 0.958 0.075
−0.693 0.025 1.586 0.032 0.954 0.095
−0.868 0.018 1.571 0.079 0.887 0.229
−0.951 0.012 1.564 0.136 0.866 0.398
zero-age HB in the bluer passbands. In order to fully
highlight the changes in the PL relations in each of the
considered bandpasses, we show, in Figures 5 through 12,
the changes in the absolute magnitude–log-period distri-
butions for each bandpass, from U (Fig. 5) toK (Fig. 12),
for a representative metallicity, Z = 0.001. Each figure
is comprised of a mosaic of 10 plots, each for a different
HB type, from very red (upper left panels) to very blue
(lower right panels). In the bluer passbands, one can see
the stars that are evolved away from a position on the
blue zero-age HB (and thus brighter for a given period)
gradually becoming more dominant as the HB type gets
TABLE 2
RRL PL Relation in B: Coefficients of the
Fits
L σ(L ) a σ(a) b σ(b)
Z = 0.0005
0.934 0.013 0.553 0.124 −0.763 0.524
0.877 0.018 0.555 0.110 −0.838 0.431
0.776 0.022 0.739 0.257 −0.263 0.940
0.627 0.027 1.093 0.058 0.933 0.199
0.414 0.028 1.104 0.013 0.899 0.044
0.167 0.029 1.107 0.012 0.873 0.040
−0.102 0.031 1.106 0.010 0.851 0.037
−0.358 0.031 1.105 0.010 0.836 0.035
−0.590 0.025 1.105 0.010 0.831 0.036
−0.765 0.021 1.107 0.011 0.839 0.047
−0.883 0.014 1.105 0.013 0.838 0.060
−0.950 0.010 1.108 0.020 0.853 0.100
Z = 0.0010
0.940 0.011 0.568 0.123 −0.966 0.437
0.873 0.018 0.651 0.196 −0.768 0.665
0.744 0.025 0.994 0.271 0.362 0.944
0.556 0.034 1.195 0.016 1.001 0.048
0.282 0.033 1.202 0.013 0.973 0.046
−0.037 0.035 1.206 0.015 0.955 0.051
−0.342 0.036 1.205 0.013 0.935 0.044
−0.603 0.025 1.205 0.013 0.923 0.048
−0.789 0.022 1.203 0.015 0.906 0.067
−0.906 0.015 1.200 0.019 0.895 0.076
−0.963 0.008 1.207 0.036 0.930 0.164
Z = 0.0020
0.965 0.009 0.741 0.300 −0.659 0.974
0.910 0.015 0.822 0.305 −0.442 0.972
0.794 0.025 1.116 0.294 0.466 0.939
0.594 0.029 1.302 0.068 1.022 0.214
0.307 0.036 1.315 0.017 1.024 0.059
−0.023 0.034 1.320 0.017 1.011 0.063
−0.356 0.035 1.319 0.018 0.990 0.066
−0.630 0.032 1.320 0.019 0.969 0.066
−0.822 0.021 1.320 0.021 0.969 0.080
−0.928 0.012 1.321 0.033 0.955 0.125
−0.974 0.008 1.315 0.084 0.923 0.346
Z = 0.0060
0.922 0.015 1.072 0.413 −0.205 1.110
0.810 0.021 1.288 0.377 0.370 1.020
0.601 0.034 1.495 0.212 0.907 0.589
0.298 0.039 1.563 0.079 1.067 0.222
−0.070 0.039 1.574 0.027 1.068 0.069
−0.420 0.036 1.580 0.028 1.060 0.078
−0.693 0.025 1.588 0.035 1.065 0.099
−0.868 0.018 1.573 0.108 0.992 0.317
−0.951 0.012 1.571 0.145 0.987 0.420
bluer. As already discussed, the effects of luminosity and
temperature upon the period-absolute magnitude distri-
bution are almost orthogonal in these bluer passbands.
As a consequence, when the number of stars evolved away
from the blue zero-age HB becomes comparable to the
number of stars on the main phase of the HB, which oc-
curs at L ∼ 0.4 − 0.8, a sharp break in slope results,
for the U and B passbands, at around these HB types.
The effect is more pronounced at the lower metallicities,
where the evolutionary effect is expected to be more im-
portant (e.g., Catelan 1993). For the redder passbands,
including the visual, the changes are smoother as a func-
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TABLE 3
RRL PL Relation in V : Coefficients of the
Fits
L σ(L ) a σ(a) b σ(b)
Z = 0.0005
0.934 0.013 0.203 0.038 −0.973 0.126
0.877 0.018 0.231 0.029 −0.947 0.096
0.776 0.022 0.274 0.021 −0.871 0.065
0.627 0.027 0.305 0.017 −0.815 0.049
0.414 0.028 0.338 0.013 −0.749 0.041
0.167 0.029 0.360 0.013 −0.723 0.045
−0.102 0.031 0.374 0.014 −0.714 0.053
−0.358 0.031 0.385 0.017 −0.723 0.069
−0.590 0.025 0.415 0.096 −0.639 0.409
−0.765 0.021 0.448 0.134 −0.530 0.600
−0.883 0.014 0.510 0.158 −0.271 0.745
−0.950 0.010 0.520 0.137 −0.249 0.689
Z = 0.0010
0.940 0.011 0.215 0.065 −1.162 0.188
0.873 0.018 0.265 0.036 −1.060 0.103
0.744 0.025 0.312 0.028 −0.967 0.088
0.556 0.034 0.351 0.019 −0.879 0.057
0.282 0.033 0.383 0.016 −0.815 0.044
−0.037 0.035 0.399 0.016 −0.801 0.057
−0.342 0.036 0.428 0.096 −0.741 0.359
−0.603 0.025 0.468 0.147 −0.627 0.567
−0.789 0.022 0.596 0.205 −0.146 0.824
−0.906 0.015 0.625 0.183 −0.037 0.762
−0.963 0.008 0.664 0.152 0.126 0.678
Z = 0.0020
0.965 0.009 0.276 0.142 −1.195 0.415
0.910 0.015 0.310 0.063 −1.118 0.172
0.794 0.025 0.361 0.041 −1.007 0.107
0.594 0.029 0.401 0.024 −0.919 0.068
0.307 0.036 0.429 0.023 −0.865 0.061
−0.023 0.034 0.464 0.097 −0.784 0.314
−0.356 0.035 0.477 0.092 −0.771 0.312
−0.630 0.032 0.533 0.171 −0.610 0.590
−0.822 0.021 0.630 0.224 −0.293 0.796
−0.928 0.012 0.733 0.196 0.072 0.715
−0.974 0.008 0.737 0.170 0.073 0.654
Z = 0.0060
0.922 0.015 0.428 0.177 −1.103 0.445
0.810 0.021 0.454 0.065 −1.061 0.152
0.601 0.034 0.487 0.046 −1.001 0.113
0.298 0.039 0.513 0.033 −0.957 0.084
−0.070 0.039 0.551 0.074 −0.880 0.201
−0.420 0.036 0.584 0.117 −0.815 0.325
−0.693 0.025 0.642 0.201 −0.677 0.561
−0.868 0.018 0.789 0.273 −0.280 0.781
−0.951 0.012 0.840 0.257 −0.142 0.748
tion of HB morphology.
The dependence of the RRL PL relation in IJHK on
the adopted width of the mass distribution, as well as
on the helium abundance, has been analyzed by comput-
ing additional sets of synthetic HBs for σM = 0.030M⊙
(Z = 0.001) and for a main-sequence helium abundance
of 28% (Z = 0.002). The results are shown in Figure 13.
As can be seen from the I plots, the precise shape of the
mass distribution plays but a minor role in defining the
PL relation. On the other hand, the effects of a signif-
icantly enhanced helium abundance can be much more
important, particularly in regard to the zero point of the
TABLE 4
RRL PL Relation in R: Coefficients of the
Fits
L σ(L ) a σ(a) b σ(b)
Z = 0.0005
0.934 0.013 −0.132 0.031 −1.195 0.108
0.877 0.018 −0.106 0.021 −1.163 0.068
0.776 0.022 −0.065 0.017 −1.081 0.049
0.627 0.027 −0.028 0.014 −0.996 0.040
0.414 0.028 0.013 0.011 −0.891 0.033
0.167 0.029 0.047 0.011 −0.801 0.033
−0.102 0.031 0.070 0.009 −0.738 0.031
−0.358 0.031 0.087 0.008 −0.689 0.029
−0.590 0.025 0.098 0.008 −0.656 0.032
−0.765 0.021 0.107 0.010 −0.630 0.039
−0.883 0.014 0.110 0.012 −0.619 0.055
−0.950 0.010 0.110 0.020 −0.634 0.102
Z = 0.0010
0.940 0.011 −0.119 0.051 −1.354 0.148
0.873 0.018 −0.070 0.032 −1.248 0.089
0.744 0.025 −0.021 0.026 −1.134 0.078
0.556 0.034 0.023 0.018 −1.017 0.054
0.282 0.033 0.065 0.017 −0.906 0.051
−0.037 0.035 0.098 0.015 −0.815 0.047
−0.342 0.036 0.125 0.014 −0.740 0.045
−0.603 0.025 0.143 0.014 −0.687 0.049
−0.789 0.022 0.159 0.016 −0.639 0.058
−0.906 0.015 0.167 0.019 −0.610 0.070
−0.963 0.008 0.167 0.027 −0.623 0.116
Z = 0.0020
0.965 0.009 −0.071 0.092 −1.401 0.268
0.910 0.015 −0.027 0.059 −1.290 0.163
0.794 0.025 0.027 0.043 −1.158 0.118
0.594 0.029 0.074 0.028 −1.039 0.082
0.307 0.036 0.110 0.029 −0.948 0.082
−0.023 0.034 0.145 0.024 −0.854 0.070
−0.356 0.035 0.165 0.020 −0.803 0.061
−0.630 0.032 0.191 0.022 −0.732 0.067
−0.822 0.021 0.201 0.029 −0.708 0.095
−0.928 0.012 0.224 0.036 −0.640 0.116
−0.974 0.008 0.233 0.049 −0.619 0.183
Z = 0.0060
0.922 0.015 0.060 0.103 −1.332 0.252
0.810 0.021 0.111 0.070 −1.217 0.168
0.601 0.034 0.147 0.051 −1.142 0.127
0.298 0.039 0.179 0.041 −1.076 0.106
−0.070 0.039 0.217 0.041 −0.991 0.103
−0.420 0.036 0.246 0.039 −0.928 0.101
−0.693 0.025 0.270 0.048 −0.876 0.125
−0.868 0.018 0.315 0.055 −0.767 0.146
−0.951 0.012 0.320 0.080 −0.763 0.221
PL relations in all four passbands. Therefore, caution
is recommended when employing locally calibrated RRL
PL relations to extragalactic environments, in view of the
possibility of different chemical enrichment laws. From a
theoretical point of view, a conclusive assessment of the
effects of helium diffusion on the main sequence, dredge-
up on the first ascent of the RGB, and non-canonical
helium mixing on the upper RGB, will all be required
before calibrations such as the present ones can be con-
sidered final.
6. “AVERAGE” RELATIONS
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TABLE 5
RRL PL Relation in I: Coefficients of the
Fits
L σ(L ) a σ(a) b σ(b)
Z = 0.0005
0.934 0.013 −0.343 0.023 −1.453 0.082
0.877 0.018 −0.322 0.015 −1.426 0.046
0.776 0.022 −0.291 0.012 −1.364 0.036
0.627 0.027 −0.261 0.010 −1.294 0.030
0.414 0.028 −0.231 0.009 −1.215 0.027
0.167 0.029 −0.207 0.008 −1.150 0.026
−0.102 0.031 −0.192 0.007 −1.109 0.022
−0.358 0.031 −0.182 0.006 −1.080 0.020
−0.590 0.025 −0.176 0.006 −1.060 0.023
−0.765 0.021 −0.171 0.007 −1.044 0.029
−0.883 0.014 −0.170 0.008 −1.038 0.037
−0.950 0.010 −0.171 0.014 −1.050 0.070
Z = 0.0010
0.940 0.011 −0.318 0.037 −1.568 0.107
0.873 0.018 −0.279 0.025 −1.482 0.068
0.744 0.025 −0.239 0.019 −1.385 0.057
0.556 0.034 −0.204 0.014 −1.292 0.042
0.282 0.033 −0.172 0.013 −1.208 0.039
−0.037 0.035 −0.148 0.012 −1.140 0.037
−0.342 0.036 −0.130 0.011 −1.089 0.034
−0.603 0.025 −0.119 0.010 −1.055 0.033
−0.789 0.022 −0.110 0.011 −1.028 0.037
−0.906 0.015 −0.106 0.014 −1.012 0.051
−0.963 0.008 −0.105 0.020 −1.013 0.086
Z = 0.0020
0.965 0.009 −0.265 0.074 −1.592 0.216
0.910 0.015 −0.230 0.047 −1.503 0.128
0.794 0.025 −0.185 0.035 −1.390 0.097
0.594 0.029 −0.148 0.023 −1.295 0.067
0.307 0.036 −0.120 0.022 −1.225 0.062
−0.023 0.034 −0.094 0.018 −1.154 0.052
−0.356 0.035 −0.080 0.014 −1.119 0.044
−0.630 0.032 −0.062 0.016 −1.070 0.048
−0.822 0.021 −0.056 0.020 −1.054 0.066
−0.928 0.012 −0.041 0.025 −1.011 0.080
−0.974 0.008 −0.036 0.037 −0.999 0.137
Z = 0.0060
0.922 0.015 −0.142 0.088 −1.523 0.214
0.810 0.021 −0.098 0.057 −1.423 0.139
0.601 0.034 −0.068 0.042 −1.358 0.104
0.298 0.039 −0.042 0.034 −1.302 0.086
−0.070 0.039 −0.013 0.033 −1.237 0.083
−0.420 0.036 0.010 0.031 −1.188 0.080
−0.693 0.025 0.030 0.037 −1.145 0.098
−0.868 0.018 0.062 0.042 −1.068 0.112
−0.951 0.012 0.066 0.061 −1.061 0.168
In applications of the RRL PL relations presented in
this paper thus far to derive distances to objects whose
HB types are not known a priori, as may easily happen
in the case of distant galaxies for instance, some “av-
erage” form of the PL relation might be useful which
does not explicitly show a dependence on HB morphol-
ogy. In the redder passbands, in particular, a meaningful
relation of that type may be obtained when one consid-
ers that the dependence of the zero points and slopes
of the corresponding relations, as presented in the pre-
vious sections, is fairly mild. Therefore, in the present
section, we present “average” relations for I, J , H , K,
TABLE 6
RRL PL Relation in J : Coefficients of the
Fits
L σ(L ) a σ(a) b σ(b)
Z = 0.0005
0.934 0.013 −0.826 0.012 −1.902 0.045
0.877 0.018 −0.815 0.007 −1.890 0.024
0.776 0.022 −0.800 0.007 −1.861 0.020
0.627 0.027 −0.786 0.006 −1.825 0.017
0.414 0.028 −0.772 0.005 −1.788 0.015
0.167 0.029 −0.760 0.005 −1.757 0.015
−0.102 0.031 −0.754 0.004 −1.739 0.012
−0.358 0.031 −0.750 0.003 −1.727 0.011
−0.590 0.025 −0.748 0.004 −1.717 0.014
−0.765 0.021 −0.747 0.004 −1.710 0.018
−0.883 0.014 −0.746 0.005 −1.706 0.021
−0.950 0.010 −0.747 0.008 −1.709 0.040
Z = 0.0010
0.940 0.011 −0.795 0.020 −1.981 0.057
0.873 0.018 −0.774 0.014 −1.934 0.039
0.744 0.025 −0.751 0.010 −1.879 0.030
0.556 0.034 −0.733 0.008 −1.830 0.024
0.282 0.033 −0.717 0.007 −1.786 0.021
−0.037 0.035 −0.705 0.007 −1.752 0.020
−0.342 0.036 −0.696 0.006 −1.726 0.019
−0.603 0.025 −0.691 0.005 −1.710 0.017
−0.789 0.022 −0.687 0.006 −1.698 0.020
−0.906 0.015 −0.685 0.008 −1.689 0.030
−0.963 0.008 −0.684 0.011 −1.685 0.049
Z = 0.0020
0.965 0.009 −0.748 0.042 −2.005 0.123
0.910 0.015 −0.728 0.027 −1.955 0.072
0.794 0.025 −0.702 0.020 −1.890 0.056
0.594 0.029 −0.681 0.013 −1.837 0.038
0.307 0.036 −0.667 0.012 −1.800 0.034
−0.023 0.034 −0.653 0.010 −1.763 0.028
−0.356 0.035 −0.647 0.008 −1.745 0.024
−0.630 0.032 −0.638 0.009 −1.721 0.027
−0.822 0.021 −0.635 0.011 −1.713 0.034
−0.928 0.012 −0.628 0.014 −1.691 0.044
−0.974 0.008 −0.625 0.020 −1.682 0.076
Z = 0.0060
0.922 0.015 −0.649 0.052 −1.989 0.125
0.810 0.021 −0.623 0.033 −1.929 0.080
0.601 0.034 −0.606 0.024 −1.891 0.059
0.298 0.039 −0.591 0.019 −1.860 0.049
−0.070 0.039 −0.575 0.019 −1.826 0.047
−0.420 0.036 −0.563 0.017 −1.800 0.044
−0.693 0.025 −0.553 0.021 −1.777 0.053
−0.868 0.018 −0.536 0.023 −1.739 0.062
−0.951 0.012 −0.534 0.033 −1.733 0.092
obtaining by simply gathering together the 389,484 stars
in all of the simulations for all HB types and metallicities
(0.0005 ≤ Z ≤ 0.006). Utilizing a simple least-squares
procedure with the log-periods and log-metallicities as
independent variables, we obtain the following fits:2
2 For all equations presented in this section, the statistical er-
rors in the derived coefficients are always very small, of order
10−5− 10−3, due to the very large number of stars involved in the
corresponding fits. Consequently, we omit them from the equations
that we provide. Undoubtedly, the main sources of error affecting
these relations are systematic rather than statistical—e.g., helium
abundances (see §5), bolometric corrections, temperature coeffi-
cient of the period-mean density relation, etc..
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TABLE 7
RRL PL Relation in H: Coefficients of the
Fits
L σ(L ) a σ(a) b σ(b)
Z = 0.0005
0.934 0.013 −1.136 0.003 −2.311 0.013
0.877 0.018 −1.137 0.002 −2.315 0.009
0.776 0.022 −1.137 0.002 −2.317 0.008
0.627 0.027 −1.137 0.002 −2.316 0.007
0.414 0.028 −1.137 0.002 −2.316 0.006
0.167 0.029 −1.138 0.002 −2.315 0.007
−0.102 0.031 −1.139 0.002 −2.316 0.006
−0.358 0.031 −1.141 0.002 −2.320 0.006
−0.590 0.025 −1.142 0.002 −2.320 0.008
−0.765 0.021 −1.143 0.003 −2.323 0.011
−0.883 0.014 −1.144 0.003 −2.322 0.013
−0.950 0.010 −1.146 0.005 −2.327 0.027
Z = 0.0010
0.940 0.011 −1.101 0.006 −2.358 0.019
0.873 0.018 −1.096 0.005 −2.346 0.014
0.744 0.025 −1.090 0.003 −2.332 0.009
0.556 0.034 −1.086 0.003 −2.322 0.009
0.282 0.033 −1.083 0.002 −2.310 0.007
−0.037 0.035 −1.081 0.002 −2.304 0.008
−0.342 0.036 −1.079 0.003 −2.297 0.008
−0.603 0.025 −1.079 0.002 −2.295 0.008
−0.789 0.022 −1.079 0.003 −2.295 0.011
−0.906 0.015 −1.080 0.004 −2.292 0.016
−0.963 0.008 −1.080 0.006 −2.292 0.025
Z = 0.0020
0.965 0.009 −1.058 0.015 −2.380 0.045
0.910 0.015 −1.051 0.009 −2.361 0.025
0.794 0.025 −1.042 0.007 −2.339 0.021
0.594 0.029 −1.035 0.005 −2.321 0.014
0.307 0.036 −1.031 0.005 −2.308 0.013
−0.023 0.034 −1.027 0.004 −2.297 0.012
−0.356 0.035 −1.025 0.003 −2.291 0.010
−0.630 0.032 −1.023 0.004 −2.284 0.012
−0.822 0.021 −1.023 0.004 −2.282 0.014
−0.928 0.012 −1.021 0.006 −2.275 0.019
−0.974 0.008 −1.020 0.009 −2.271 0.034
Z = 0.0060
0.922 0.015 −0.975 0.022 −2.381 0.053
0.810 0.021 −0.964 0.014 −2.355 0.035
0.601 0.034 −0.957 0.010 −2.338 0.026
0.298 0.039 −0.950 0.008 −2.325 0.021
−0.070 0.039 −0.944 0.008 −2.312 0.020
−0.420 0.036 −0.939 0.007 −2.301 0.019
−0.693 0.025 −0.935 0.009 −2.292 0.023
−0.868 0.018 −0.929 0.010 −2.277 0.027
−0.951 0.012 −0.928 0.014 −2.274 0.040
MI = 0.4711− 1.1318 logP + 0.2053 logZ, (3)
with a correlation coefficient r = 0.967;
MJ = −0.1409− 1.7734 logP + 0.1899 logZ, (4)
with a correlation coefficient r = 0.9936;
MH = −0.5508− 2.3134 logP + 0.1780 logZ, (5)
with a correlation coefficient r = 0.9991;
TABLE 8
RRL PL Relation in K: Coefficients of the
Fits
L σ(L ) a σ(a) b σ(b)
Z = 0.0005
0.934 0.013 −1.168 0.002 −2.343 0.012
0.877 0.018 −1.169 0.002 −2.348 0.009
0.776 0.022 −1.170 0.002 −2.352 0.007
0.627 0.027 −1.171 0.002 −2.352 0.007
0.414 0.028 −1.172 0.002 −2.355 0.006
0.167 0.029 −1.173 0.002 −2.355 0.007
−0.102 0.031 −1.175 0.002 −2.358 0.006
−0.358 0.031 −1.177 0.002 −2.362 0.006
−0.590 0.025 −1.178 0.002 −2.364 0.008
−0.765 0.021 −1.180 0.003 −2.368 0.011
−0.883 0.014 −1.181 0.003 −2.367 0.013
−0.950 0.010 −1.183 0.005 −2.373 0.026
Z = 0.0010
0.940 0.011 −1.133 0.005 −2.388 0.017
0.873 0.018 −1.128 0.004 −2.379 0.013
0.744 0.025 −1.124 0.003 −2.367 0.009
0.556 0.034 −1.121 0.003 −2.359 0.009
0.282 0.033 −1.118 0.002 −2.350 0.007
−0.037 0.035 −1.11 70.002 −2.345 0.008
−0.342 0.036 −1.11 50.002 −2.339 0.008
−0.603 0.025 −1.11 60.002 −2.338 0.008
−0.789 0.022 −1.11 70.003 −2.339 0.011
−0.906 0.015 −1.11 70.004 −2.337 0.016
−0.963 0.008 −1.11 70.006 −2.338 0.024
Z = 0.0020
0.965 0.009 −1.091 0.014 −2.410 0.041
0.910 0.015 −1.084 0.008 −2.393 0.022
0.794 0.025 −1.077 0.007 −2.374 0.019
0.594 0.029 −1.071 0.004 −2.358 0.013
0.307 0.036 −1.067 0.004 −2.347 0.012
−0.023 0.034 −1.064 0.004 −2.337 0.011
−0.356 0.035 −1.063 0.003 −2.333 0.010
−0.630 0.032 −1.061 0.004 −2.327 0.012
−0.822 0.021 −1.061 0.004 −2.325 0.013
−0.928 0.012 −1.059 0.006 −2.320 0.018
−0.974 0.008 −1.059 0.009 −2.317 0.032
Z = 0.0060
0.922 0.015 −1.011 0.021 −2.413 0.049
0.810 0.021 −1.001 0.013 −2.389 0.032
0.601 0.034 −0.994 0.010 −2.374 0.024
0.298 0.039 −0.988 0.008 −2.362 0.019
−0.070 0.039 −0.983 0.008 −2.349 0.019
−0.420 0.036 −0.978 0.007 −2.340 0.018
−0.693 0.025 −0.974 0.008 −2.331 0.021
−0.868 0.018 −0.968 0.009 −2.317 0.025
−0.951 0.012 −0.968 0.013 −2.315 0.037
MK = −0.5968− 2.3529 logP + 0.1746 logZ, (6)
with a correlation coefficient r = 0.9992. Note that the
latter relation is of the same form as the one presented by
Bono et al. (2001). The metallicity dependence we derive
is basically identical to that in Bono et al., whereas the
logP slope is slightly steeper (by 0.28), in absolute value,
in our case. In terms of zero points, the two relations, at
representative values P = 0.50 d and Z = 0.001, provide
K-band magnitudes which differ by only 0.05 mag, ours
being slightly brighter.
In addition, the same type of exercise can provide us
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TABLE 9
Coefficients of the RRL PL Relation in BV RIJHK: Analytical Fits
Metallicity a0 a1 a2 a3 b0 b1 b2 b3
V
Z = 0.0060 0.5276 −0.0420 0.1056 −0.2011 −0.9440 −0.0436 0.3207 −0.5303
Z = 0.0020 0.4470 −0.0232 0.0666 −0.2309 −0.8512 0.0122 0.3107 −0.7248
Z = 0.0010 0.3976 −0.0416 0.0482 −0.2117 −0.8243 −0.0231 0.3212 −0.7169
Z = 0.0005 0.3668 −0.0314 −0.0053 −0.1550 −0.7455 0.0407 0.1342 −0.4966
R
Z = 0.0060 0.2107 −0.0701 −0.0204 −0.0764 −1.0050 −0.1507 −0.0390 −0.1723
Z = 0.0020 0.1469 −0.0566 −0.0633 −0.0995 −0.8523 −0.1500 −0.1519 −0.2521
Z = 0.0010 0.1020 −0.0808 −0.0784 −0.0744 −0.8086 −0.2397 −0.1809 −0.1608
Z = 0.0005 0.0659 −0.0811 −0.0832 −0.0537 −0.7553 −0.2482 −0.1769 −0.0677
I
Z = 0.0060 −0.0162 −0.0540 −0.0216 −0.0640 −1.2459 −0.1155 −0.0442 −0.1466
Z = 0.0020 −0.0913 −0.0393 −0.0568 −0.0788 −1.1499 −0.1058 −0.1397 −0.2002
Z = 0.0010 −0.1445 −0.0545 −0.0680 −0.0614 −1.1340 −0.1647 −0.1614 −0.1378
Z = 0.0005 −0.1939 −0.0515 −0.0679 −0.0450 −1.1192 −0.1640 −0.1474 −0.0655
J
Z = 0.0060 −0.5766 −0.0278 −0.0150 −0.0378 −1.8291 −0.0581 −0.0318 −0.0874
Z = 0.0020 −0.6517 −0.0181 −0.0335 −0.0452 −1.7599 −0.0498 −0.0809 −0.1167
Z = 0.0010 −0.7023 −0.0250 −0.0383 −0.0355 −1.7478 −0.0786 −0.0891 −0.0824
Z = 0.0005 −0.7546 −0.0209 −0.0343 −0.0238 −1.7438 −0.0728 −0.0706 −0.0379
H
Z = 0.0060 −0.9447 −0.0110 −0.0070 −0.0160 −2.3128 −0.0231 −0.0149 −0.0375
Z = 0.0020 −1.0262 −0.0041 −0.0124 −0.0152 −2.2953 −0.0138 −0.0292 −0.0414
Z = 0.0010 −1.0798 −0.0037 −0.0108 −0.0079 −2.3019 −0.0170 −0.0242 −0.0186
Z = 0.0005 −1.1385 0.0037 −0.0027 0.0012 −2.3169 0.0016 −0.0029 0.0056
K
Z = 0.0060 −0.9829 −0.0101 −0.0066 −0.0148 −2.3499 −0.0210 −0.0140 −0.0346
Z = 0.0020 −1.0630 −0.0032 −0.0113 −0.0132 −2.3357 −0.0115 −0.0268 −0.0361
Z = 0.0010 −1.1159 −0.0024 −0.0093 −0.0061 −2.3427 −0.0131 −0.0212 −0.0142
Z = 0.0005 −1.1742 0.0051 −0.0012 0.0028 −2.3580 0.0061 −0.0004 0.0090
with an average relation between HB magnitude in the
visual and metallicity. Performing an ordinary least-
squares fit of the form MV = f(logZ) (i.e., with logZ
as the independent variable), we obtain:
MV = 1.455 + 0.277 logZ, (7)
with a correlation coefficient r = 0.83.
The above equation has a stronger slope than is often
adopted in the literature (e.g., Chaboyer 1999). This is
likely due to the fact that theMV − [M/H] relation is ac-
tually non-linear, with the slope increasing for Z & 0.001
(Castellani et al. 1991), where most of our simulations
will be found. A quadratic version of the same equation
reads as follows:
MV = 2.288 + 0.8824 logZ + 0.1079 (logZ)
2. (8)
As one can see, the slope provided by this relation, at
a metallicity Z = 0.001, is 0.235, thus fully compatible
with the range discussed by Chaboyer (1999).
The last two equations can also be placed in their more
usual form, with [M/H] (or [Fe/H]) as the independent
variable, if we recall, from Sweigart & Catelan (1998),
that the solar metallicity corresponding to the (scaled-
solar) evolutionary models utilized in the present paper
is Z = 0.01716. Therefore, the conversion between Z and
[M/H] that is appropriate for our models is as follows:
logZ = [M/H]− 1.765. (9)
The effects of an enhancement in α-capture elements
with respect to a solar-scaled mixture, as indeed observed
among most metal-poor stars in the Galactic halo, can
be taken into account by the following scaling relation
(Salaris, Chieffi, & Straniero 1993):
[M/H] = [Fe/H] + log(0.638 f + 0.362), (10)
where f = 10[α/Fe]. Note that such a relation should be
used with due care for metallicities Z > 0.003 (Vanden-
Berg et al. 2000).
With these equations in mind, the linear version of the
MV − [M/H] relation becomes
MV = 0.967 + 0.277 [M/H], (11)
whereas the quadratic one reads instead
MV = 1.067 + 0.502 [M/H]+ 0.108 [M/H]
2
. (12)
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Fig. 13.— Effects of σM and of the helium abundance upon the RRL PL relation in the IJHK bands. The lines indicate the analytical
fits obtained, from equations (1) and (2), for our assumed case of YMS = 0.23 and σM = 0.02M⊙ for a metallicity Z = 0.001 (thick gray
lines) or Z = 0.002 (dashed lines). In the two upper panels, the results of an additional set of models, computed by increasing the mass
dispersion from 0.02M⊙ to 0.03M⊙, are shown (gray circles). As one can see, σM does not affect the relation in a significant way, so that
similar results for an increased σM are omitted in the lower panels. The helium abundance, in turn, is seen to play a much more important
role, particularly in defining the zero point of the PL relation.
The latter equation providesMV = 0.60 mag at [Fe/H] =
−1.5 (assuming [α/Fe] ≃ 0.3; e.g., Carney 1996), in
very good agreement with the favored values in Chaboyer
(1999) and Cacciari (2003)—thus supporting a distance
modulus for the LMC of (m−M)0 = 18.47 mag.
To close, we note that the present models, which cover
only a modest range in metallicities, do not provide useful
input regarding the question of whether theMV − [M/H]
relation is better described by a parabola or by two
straight lines (Bono et al. 2003). To illustrate this, we
show, in Figure 14, the average RRL magnitudes for each
metallicity value considered, along with equations (11)
and (12). Note that the “error bars” actually represent
the standard deviation of the mean over the full set of
RRL stars in the simulations for each [M/H] value.
7. CONCLUSIONS
We have presented RRL PL relations in the band-
passes of the Johnsons-Cousins-Glass UBV RIJHK sys-
tem. While in the case of the Cepheids the existence
of a PL relation is a necessary consequence of the large
range in luminosities encompassed by these variables, in
the case of RRL stars useful PL relations are instead pri-
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Fig. 14.— Predicted correlation between average RRL V -band absolute magnitude and metallicity. Each of the four datapoints represents
the average magnitude over the full sample of simulations for that metallicity. The “error bars” actually indicate the standard deviation of
the mean. The full and dashed lines show equations (11) and (12), respectively.
marily due to the occasional presence of a large range
in bolometric corrections when going from the blue to
the red edge of the RRL instability strip. This leads to
particularly useful PL relations in IJHK, where the ef-
fects of luminosity and temperature conspire to produce
tight relations. In bluer passbands, on the other hand,
the effects of luminosity do not reinforce those of tem-
perature, leading to the presence of large scatter in the
relations and to a stronger dependence on evolutionary
effects. We provide a detailed tabulation of our derived
slopes and zero points for four different metallicities and
covering virtually the whole range in HB morphology,
from very red to very blue, fully taking into account,
for the first time, the detailed effects of evolution away
from the zero-age HB upon the derived PL relations in
all of the UBV RIJHK passbands. We also provide “av-
erage” PL relations in IJHK, for applications in cases
where the HB type is not known a priori; as well as a new
calibration of the MV − [Fe/H] relation. In Paper II, we
will provide comparisons between these results and the
observations, particularly in I, where we expect our new
calibration to be especially useful due to the wide avail-
ability and ease of observations in this filter, in compar-
ison with JHK.
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